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Linear and Nonlinear Optics of Confined Chiral Liquid
Crystals at Weak Surface Anchoring

V. A. Belyakov
L. D. Landau Institute for Theoretical Physics, Moscow, Russia

The theoretical description of the optical properties of confined chiral liquid crys-
tals (CLC) under action of a varying external agent for light propagating along the
chiral axes is performed. The observed jumps and the hysteresis of the optical
properties of confined CLC under action of a varying external agent are related
to the surface anchoring. The detailed examination of the problem is carried out
for the varying agent being the thickness of a planar layer in the case of a finite
anchoring strength. Analytical expressions for the solution of the boundary-value
problem for the absorbing (amplifying) CLC dependent on the layer thickness are
presented. In particular, the equation for the lasing threshold for the edge lasing
mode in a distributed feedback (DFB) lasing is obtained and analyzed. The con-
nection of the optical characteristics of a CLC layer to the surface anchoring
and, in particular, their discontinuity and hysteresis under variation of the layer
thickness are demonstrated for a CLC layer of varying thickness and a wedge filled
by CLC. It is shown that, in the case of a weak surface anchoring, the experimental
measurements of the CLC layer optical characteristics under action of a varying
external agent can be used to restore the actual surface anchoring potential.

Keywords: cano-granjean wedge; chiral LC; low threshold lasing; surface anchoring

INTRODUCTION

Unusual optical properties of chiral liquid crystals (CLC) attract now the
new attention because these media are examples of photonic crystals of
natural origin and due to the fact that the photonic crystals and, in parti-
cular, CLC promise numerous effective applications in linear and non-
linear optics. The exotic optical properties of CLC are understood since
the pioneer work of De Vries [1] and are well described now within the
analytical approach [2—4] and by numerical calculations based mainly
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on the Berreman method [5]. However, it happens that the optics of con-
fined CLC (in the simplest case, a plane CLC layer) reveals some features
which demand a rather careful application of the developed approaches
to the CLC optics if some varying external agents are applied to CLC.
These varying agents may be the temperature, applied external field,
mechanical twist, and so on. The experiment shows that, under the
action of smoothly, continuously varying external agents, the optical
properties of confined CLC vary smoothly in the limited range of the
agent variations, and, at some values of agents, jump-like changes the
optical properties occur. Moreover, there is a hysteresis of the optical
properties if the direction of the agent variation is changed. The jumps
and the hysteresis of the optical properties most clearly were observed
at temperature variations [6]. Similar phenomena were observed also
at a mechanical twist of the nematic layer [7] and in externally applied
electric (magnetic) fields [8]. In nonlinear optics, the jumps and hyster-
esis reveal themselves in the nonlinear optical harmonic generation [9]
and the distributed feedback (DFB) lasing in CLC [10].

The connection of the CLC layer optical characteristics and the hys-
teresis to the surface anchoring [11,12] are demonstrated below for a
CLC layer of varying thickness and a wedge filled by CLC.

EIGENWAVES IN CHIRAL LC

Let us begin to describe the CLC optical properties from those of
unlimited CLC. As known [1-4], the eigenwaves corresponding to
the propagation of light in chiral L.C along a spiral axis are presented
by a superposition of two plane waves of the form

E(z,t) = e “'[E™n, exp(iK'z) + E n_exp(iK z)], (1)

where o is the light frequency, n . are two vectors of circular polariza-
tions and the wave vectors K* satisfy the condition

K'—K =1, (2)

where 1 is the reciprocal lattice vector of the LC spiral.
The wave vectors K* in four eigensolutions (1) are determined by
Equation (2) and the formulas

K =ozee{it @20t < (o0 + 2 @)

where j enumerates the eigensolutions with the ratio of amplitudes
(E~ /JE") given by the expression

(E7/E"); = 6/I(K;" —)*/w® ~1]. (4)
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Here, k = w301/2/c, g0 = (e)+¢.1)/2, 6 = (g —e1)/(g) +&,) is the dielec-
tric anisotropy, and ¢|, ¢, are the principal values of the LC dielectric
tensor [2—4]. Two of the eigenwaves corresponding to the circular
polarization with the sense of chirality coinciding with the one of the
LC spiral experience the strong diffraction scattering at the
frequencies in the region of the stop band. Because, as we shall see,
the specificity of the CLC optics is connected with the eigenwaves of
diffracting polarization, we limit ourselves below by consideration of
the propagation and lasing of light of the diffracting polarization only
in LC.

BOUNDARY-VALUE PROBLEM

To investigate the optics of confined CL.C, we have to consider a bound-
ary-value problem. We assume that the CLC is presented by a planar
layer with a spiral axis perpendicular to the layer surfaces. We assume
also that the average dielectric constant of the LC, [0, coincides with
the dielectric constant of the external medium.

Begin the consideration of the boundary-value problem in the
formulation which assumes that two plane wave of the diffracting
polarization and of the same frequency are incident along the spiral
axes at the layer from the opposite sides, and the dielectric tensor
may have nonzero imaginary part of any sign. The amplitudes of the
eigenwaves E *; excited in the layer by the incident waves are determ-
ined by the equations [3,4]:

(1+K[/KET +(1+ K /x)E* = 2E;,

expli K'L](1 — K /x)ET +exp[i K'L|(1 - K /x)E" = 2E; ®)

where E;. and E; are the amplitudes of the waves incident at the
layer from the right and left sides, respectively, L is the layer
thickness, and

K =1/2 + 1{1+ (1/2x)% — [(t/K)? + 622} 12, (6)

The amplitudes of the waves leaving the layer from the right, E.,, and
left, E.;, sides, respectively, are determined by the expressions

2B ={6/[(K] — )% /i — 1]}
x (1-KI/0)ET +{6/[(K" —1)°/i® — 1]}(1 - K'/i)E",
2E o =exp[i(K{ — x)L](1 — KI/k)ET + exp[i(K" — k)]
x (1—K'/k)E".

(7)
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If one assumes that the amplitude of only one incident wave is non-
zero, Equation (7) determines the reflected and transmitted waves
(the reflection R and transmission T coefficients of the layer) and, in
particular, their frequency dependence [3,4]. The corresponding
expressions for R and T take the form

R = 8*|singL*/|(qr/x?)cosqL +i[(z/2x)* + (q/x)? — 1]singL?,
T = |explixL](qt/x?)[*/|(qr/x?)cosqLi +i[(z/2«)* + (q/x)* — 1]singL?,
8)
where
q = {1+ (1/26)% — [(z/x)? + 8" 2}1/2. 9)

If the both amplitudes of the incident waves are equal to zero, no
waves emerging from the layer exist if the dielectric tensor has a posi-
tive (or a very small negative) imaginary part.

ABSORBING LC

Examine the formulas of the previous section for absorbing CLC in
more details. Assume for simplicity that the absorption in LC is iso-
tropic. Define the ratio of the dielectric constant imaginary part to
the real part of ¢ as y, i.e. ¢ = ¢o(1 +1y). We note that, in the real situa-
tions, y << 1. In Figure 1, we present R and 1-R-T calculated versus
the frequency for two positive values of y and its zero value. As one
can see from Figures 1, b,c, the absorption in the layer reaches max-
ima at some frequencies close to the stop band edge. Comparing the
positions of these maxima with the positions of zero R in the reflection
by a nonabsorbing layer, one sees that the corresponding positions are
close. The enhanced absorption is a manifestation of the so-called
effect of anomalously strong absorption [3,13].

Due to the assumed isotropy of the absorption, the frequency depen-
dences of the calculated characteristics are symmetric relative to the
Bragg frequency (the mid-point of the stop band). Therefore, only
the frequencies above the Bragg frequency are presented in the fig-
ures. All above-mentioned quantities reveal the beats as functions of
the frequency which are close to the frequency edge of the selective
reflection band. The positions of corresponding maxima and minima
are determined by the layer thickness L and ¢ and are slightly depen-
dent on the value of 7. In absorbing LC, the sum of the intensities of
the reflected and transmitted beams is less than the intensity of the
incident beam, i.e., R+ T < 1.
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FIGURE 1 Calculated reflection R (a) for a nonabsorbing layer (y = 0) and
absorption (1 — R — T) versus the frequency measured from the stop band edge
(v =2(w — wp)/owp — 1,1 =300, [ = L7) (b) for y = 0.001, (¢) y = 0.005.

As an example, the positions of the minima of beats of the reflection
coefficient R (following from (8)) are given below for nonabsorbing L.C,
i.e., for y = 0:

qL=mn, 4v=1+(mn/a)?/2, n=1,2, 3, ... (10)
v=2(w-—wp)/dws, o= cr/2sé/2, a = oLz/4.

In a typical situation, a >> 1.
The edges of the selective reflection band w,. are connected to the
Bragg frequency wg by the relation

we = wp/(1 £ 8)Y% = ct/2[e0 (1 £ )2 (11)

So, at the edges, v = 2(1/(1 + 6)* - 1)/s.

For small y and LImg << 1, the reflection and transmission coeffi-
cients (8) at the frequencies of the reflection minima (11) are reduced
to the following expressions:

R =(a%)/[(on) + 2%, T =(on)?/[(mn)’ +a*].  (12)
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It follows from (10,12) that, for each n, the maximal absorption, i.e., the
maximal 1 — R — T, occurs for (nn)? = a®y. This means that the maxi-
mal absorption occurs for a special relation between 6, y, and L. If
this relation, i.e., (nn)? = a®, is fulfilled, then R = 1/4, T=1/4 and
1 — R — T = 1/2. Because of the assumed smallness of y, this result corre-
sponds to a strong enhancement of the absorption for weakly absorbing
layers.

AMPLIFYING LC

Now let us assume that y < 0, which means that the chiral LC is amplify-
ing. If |y| is sufficiently small, the waves emerging from the layer accord-
ing to (5)—(8) exist, at any rate, only in the presence of one external wave
incident on the layer, and their amplitudes are determined by the solution
of Equations (5) and (7). Now (see Fig. 3c) R+T>1or1-R-T< 0,
which just corresponds to the definition of amplifying medium.

However, if the imaginary part of the dielectric tensor, i.e.,
y, reaches some critical negative value, the quantity R + T diverges,
and the amplitudes of waves emerging from the layer occur to be non-
zero even for the zero amplitudes of incident waves. The corresponding
value of y relates to the beginning of the DFB lasing in the CLC layer
and is called a lasing threshold value. This happens when the determi-
nant of Equation (5) reaches zero. The corresponding frequencies
determine the so-called edge lasing modes [14-16] and the correspond-
ing threshold values of the gain, at which the lasing happens.

So, the equation determining the edge lasing modes (zero value of
the determinant of Equation (5) or the denominator of expressions
(8)) looks as

tgaL = i(qr/®)/[(z/20)* + (a/x)* — 1]. (13)

In the general case, this equation has to be solved numerically.
However, for a very small negative imaginary part of the dielectric
tensor, the threshold values of the gain for the edge lasing modes
may be presented by analytical expressions.

For small |y| and L|Imq| << 1, the reflection and transmission coeffi-
cients (8) at the frequencies of the reflection minima (10) are reduced
again to formulas (12), but with negative y.

So the R and 7' may be divergent now, and the points of the R and T
divergence correspond to the edge lasing modes and determine the
corresponding values of threshold y, i.e., a minimum |y|, at which the
lasing happens for the n-th reflection minimum:

y = —(nn)?/a® = —(nn)?/(0L1/4)*. (14)
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As one sees from (14), the threshold values of |y| are inversely pro-
portional to the third power of the layer thickness, and the minimal
value of |y| corresponds to n =1, i.e., to the edge lasing mode closest
to the selective reflection band edge. The calculated reflection and
transmission intensities close to the frequencies of the first and second
lasing modes are presented at Figure 2. In the calculations, it was
accepted that the different threshold values of y in Figure 2 corre-
sponding to the different edge lasing modes (divergent R and T in
Fig. 2a—d) were obtained for all other parameters of the layer to be
fixed. This means that one is able to excite separate lasing modes by
changing the gain (y). If the value of y is between the consequent
threshold values of y for neighboring lasing modes, the lasing cannot
be achieved, and the layer can reveal only amplifying properties
(see Fig. 3a—c). This means that the changing of the pumping wave
intensity allows one to achieve the lasing at individual lasing modes,

100000 500000

80000 400000

60000 300000

REPLECTION
REFLECTION

40000 200000

20000 100000

° °

80000

30000 60000

20000 40000

TRANSHISSION
TRANSISSION

10000 20000

FIGURE 2 Calculated R versus the frequency (v = 2(w— wp)/dwg—1,
1 =300, I = L7) (a) close to the threshold gain for the first lasing edge mode
(y= —0.00565), (b) close to the threshold gain for the second lasing edge mode
(y= —0.0129); calculated T versus the frequency (v = 2(w — wp)/dwg — 1,
[ =300, [ = L) (c) close to the threshold gain for the first lasing edge mode
(y= —0.00565), (d)) close to the threshold gain for the second lasing edge mode
(y= —0.0129).
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FIGURE 3 Calculated R (a), T (b), 1-R-T' (c) versus the frequency
(v=2(w—wp)/dwg —1, 1 =300, [ =Lt) for y= —0.009, i.e., for the gain
between the thresholds for the first and second lasing edge modes.

and the lasing intensity is not a monotonic function of the pumping
intensity. Sometimes, as the experiment shows, the smooth variations
of an external agent can result in the jump-like variations of the lasing
frequency [10] connected with the jumps of a CLC pitch (see the next
section) which are sensitive to the surface anchoring [12].

PLANE LAYER

The above-studied linear and nonlinear optical properties of a confined
CLC vary smoothly only in the limited range of smoothly and continu-
ously varying external agents. It is essential that, at some values of
the agents, the jump-like changes of the optical properties occur. We
now consider the CLC layer thickness as a varying external agent.
Specifically, we will examine the behaviour of the cholesteric helix
in a planar layer with a finite anchoring strength at one of its surfaces
and the infinite anchoring one at the other surface. Assume that the
alignment directions coincide at the both surfaces (see Fig. 4 consider-
ing the director deviation angle ¢ at one of the surfaces to be
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S
¢ >0,

FIGURE 4 The case of nonidentical anchoring at the surfaces of a cholesteric
layer (the line with two arrows indicates the easy direction).

identically equal to zero). We also assume, as in [6,11,17,18], that the
pitch jump mechanism is connected with the director overcoming the
anchoring barrier at the surface. The problem is similar to the pro-
blems related to the temperature- [6,11,17,19] and field-induced
[18,20,21] variations of the director structure. Therefore, we recall
here only the main equations describing the problem. The free energy
of a homogeneous layer can be presented as

F(T) = Ws(0) + (Ka2/2d)[p — po(d)]?, (15)

where ¢ is the angle of the director deviation from the alignment direc-
tion at the surfaces with a finite anchoring, W,(¢) is the surface
anchoring potential, Kgg is the elastic twist modulus, d is the layer
thickness, the angle ¢¢(d) gives the angle of the director deviation
from the alignment direction at the surface with a finite anchoring if
the anchoring at this surface were absent at all, i.e., ¢o(d) = 27d/p,
where p, or a natural pitch, is the value of a pitch in the bulk of a cho-
lesteric LC.

One obtains the equation determining the angle ¢ at the surface of
the layer as a function of d by minimization of Equation (15). The cor-
responding eqution is

OWs(9)/0¢ + (Kaz/d) (¢ — ¢g) =0 (16)

Solving this equation for the different model anchoring potentials
Ws(o) (see [22-25]), one finds that the angle ¢, being a function of
the thickness d, is also dependent on the dimensionless parameter
Sa = Ko2/Wd, where W is the depth of anchoring potential, and the
specificity of its functional dependence on d and Sq is different for
the different model anchoring potentials [12,22-25]. Because Sq is
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variable in our problem, it is natural to introduce a new parameter
which does not vary at variations of the layer thickness. It is con-
venient to introduce a new dimensionless parameter [, = L,/p, where
L, = K53 /W is the so-called penetration length [2]. As a result, one gets
the following form of Equation (16):

OW(9) /09 + W(Sag — 2nl,) = 0. (17)

The solution of Equations (16) and (17) is a smooth function of the
thickness d (or the parameter Sy) in some ranges of the thickness d
with abrupt jumps of ¢ at definite thicknesses of the layer, for which
¢ reaches the critical value ¢.. Just at these thicknesses, the linear
and nonlinear optical characteristics of the CLC layer [see Egs. (5)—
(14)] experience jumps.

We investigate below the so-called B-potential recently introduced
in [22—-25] rather than the Rapini-Papoular (R-P) potential. Equation
(18) for the B-potential is reduced to the form

sin g+ 2 Sqp —4nl, =0 (18)

with the critical angle ¢, equal to 7/2.

The solution of Equation (18) shows that, as ¢ achieves the critical
value ¢, both a jump-like change of the pitch and the transition to a
new configuration of the helix differing by one in the number N of the
director half-turns over the layer thickness occur.

The results of the numerical solution of Equation (18) for the
B-potential are presented at Figures 5 and 6. Figure 5 presents the
variations of the director half-turns in the layer versus the layer thick-
ness for the increasing and decreasing layer thickness. The number N,
along with smooth changes, reveals jumps at some points. Figure 6
presents an example of a possible hysteresis loop at the inversion of
the direction of the layer thickness variation.

If the described jump happens in a limited area of the layer surface,
the director distribution over the layer surface becomes inhomoge-
neous, and the wall (the interface between the configurations with N
and N + 1 half-turns of the director) occurs. The wall begins its motion
in the direction of the N configuration, because the free energy of the
N configuration per unit layer area is higher than the corresponding
value for the N + 1 configuration [23,24]. However, this wall may be
motionless. This happens if the free energy of the N configuration
per unit layer area is the same as the free energy for the N+ 1 con-
figuration. In our case, these situations of the motionless walls take
place at the thicknesses of the layer, for which ¢, = /2. At these
points, the director at the layer surface with a finite anchoring makes



Downloaded by [University of California, San Diego] at 14:14 09 August 2012

Optics of Confined Chiral LC 165

Half turns number
W

0 1 2 3
Thickness, d/p

FIGURE 5 Change of the half-turns number in a plane layer versus the layer
thickness (d/p) for the B-potential (the bold line at the increase of the thick-
ness, and the narrow line at its decrease, [, = 0.5).

the angles ¢, and —¢, relative to the alignment direction for the N
and N + 1 configuration, respectively. The jump of the director orien-
tation at the layer surface is equal to = — 2¢,, i.e., it is dependent on

1 | 47/
—

3l /
2l /
.| /

0 1 2 3
Thickness, d/p

Half turns number

FIGURE 6 Hysteresis in the variation of the half-turns number in a plane
layer versus the layer thickness (d/p) for the B-potential (the bold line at
the increase of the thickness, and the narrow line at its decrease, [, = 0.5)
shown around d/p = 3 (The directions of the thickness variations are also
shown by the arrows).
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the layer thickness, at which the motionless wall exists. Relation (18)
yields the equation for ¢,:

sin @, + 2 Sge @, — 4nl, = 0. (19)

Here, Sg4. is the value of Sy corresponding to the layer thickness, at
which a motionless wall may exist. In our consideration, in which all
parameters of the problem except the thickness d are fixed, a motion-
less wall exists for discrete thicknesses of the layer. One has to search
for the solution of Equation (4) for the discrete values of Sq, i.e., for Sg4e.
For this reason, the values of ¢, found from (19) are also discrete. The
corresponding thicknesses of the layer d. are determined by the
expression

de/p = (271 + 1)/47 (20)
where n = 0,1,2,.... and p is the natural pitch of CLC.

WEDGE

The pitch variations in a plane layer versus the layer thickness can be
directly measured in experiments. However, it seems that a wedge-
shape sample gives a more easy way to do this. So, we will study
how the behavior of the director configuration under variations of
the planar layer thickness reveals itself in the Cano-Granjean wedge
and its optical characteristics. We assume below that the wedge angle
is small enough and the formulas obtained above for a planar layer of
variable thickness may be applied locally to the wedge.

In a wedge, the director configurations just at the both sides of a
Cano-Granjean line have to correspond to an equilibrium state of
the system. For a such steady state, the free energies of the N and
N +1 director configurations at the both sides of the wall have to be
locally equal. This means that the walls in the wedge exist for the
wedge thicknesses determined by Equation (20), so the parameters
Sge and ¢q in Equations (16) and (17) are known. Therefore, we have
to calculate the smooth director reorientations at the surface between
the two consecutive walls (the Cano-Granjean line) in the range
determined by the consecutive values of d. given by (20) for n and
n+1. In a wedge, the jumps studied above for a layer are substituted
by walls which can be non-singular for a sufficiently thin part of the
wedge [24].

The results of calculations related to the dependence of the pitch on
the local wedge thickness (d/p) in a wedge are presented at Figures 7
and 8 for the R-P and B anchoring model potentials, respectively. One
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FIGURE 7 Variation of the half-turns number in a wedge versus the local
wedge thickness (d/p) for the R-P-potential (I, = 1.5).

sees a qualitative difference in the corresponding dependences for the
R-P and B potentials at the thin part of the wedge. For the B-potential,
the walls (pitch jumps) occur for any local thicknesses determined by
Equation (20). But, for the R-P-potential, the walls (pitch jumps) at the
thin part of the wedge can be absent and appear at a thickness d above
some critical value. The walls for the R-P and B potentials reveal also
differences in the shape of the director distribution over the wall and

—_—
8 —
—

Half turns number

Thickness, d/p

FIGURE 8 Variation of the half-turns number in the wedge versus the local
wedge thickness (d/p) for the B-potential (/, = 1.5).
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the wall width [24], which have to be reflected in the optical wall
images for the two surface anchoring model potentials.

CONCLUSION

The performed examination of the optics of confined CLCs under the
action of a varying external agent shows that there is a direct connec-
tion between the surface anchoring and the CLC optical properties,
and there are some phenomena in the field of interest for the CLC
physics and for their numerous effective applications. As for the
CLC physics, there are options to investigate the surface anchoring
and, in particular, to restore the actual surface anchoring potential
[12,22,23]. A simple option to do this is the optical investigations of
a Cano-Granjean wedge. Concerning the applications, the results
related to the edge lasing modes (with a very low lasing threshold)
should be considered as quite general. They are related not only to
CLCs, but to any periodic media. Specifically, for CLCs, they reveal
the direct connection of the observed jump-like phenomena in linear
[6—8] and nonlinear [9,10] optics with the characteristics of the surface
anchoring. These results are related also to the option of lowering the
lasing threshold by the enhancement of the pumping wave absorption
under conditions of the anomalously strong absorption effect in CLCs
[25]. In general, CLCs should be considered as convenient model sys-
tems for the problem on the whole due to the fact that many CLC para-
meters are easily adjustable in experiments.

Another phenomena of a similar kind in the optics of confined CLCs,
which have not been examined here, are the nonlinear optical fre-
quency conversion [26,27] and the so-called defect modes in CLCs
[14]. The corresponding effects in confine CLCs should be subjected
to a further investigation because of both the value of their applica-
tions and the above-mentioned option to use CLCs as convenient
model systems for the experimental investigation.
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